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Towards world Simulation

“DeepMind has ambitious plans to make massive generative models that

simulate the world,” Brooks wrote Monday morning. “I’m hiring for a new team

with this mission.”
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Transformers are RNNs



Linear Attention
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Linear Attention
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Transformers are RNNs
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Transformers are RNNs
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Motivation
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FAVOR+ (R+)

Lemma 1 (Positive Random Features (PRFs) for Softmax). For x,y € RY z=x+ y we have:

2 2
SM(x,y) ZEMNN(G,Id)[eXP(wTX— H};H )EXP(DJTY— \EYQH )} = AE.~n(0,1,) cosh(w ' z), (7)

and cosh is hyperbolic cosine. Consequently, softmax-kernel admits a

2 2

positive random feature map unb.iased approximation with h(x) = e}{p(—mélj), =1, fi = exp
and D = N (0,1,) or: h(x) = exp( L Hz), | =2, fi(u) = exp(u), fa(u) = exp(—u) and the

same D (the latter for further variance reduction). We call related estimators: SM,,, and SMm



FAVOR+ (R+)

F.1 PrROOF OF LEMMA 1

Proof- We first deduce that for any a,b € R
SM(x,y) = exp(z "y) = exp(—||z[*/2) - exp(||z + yl|*/2) - exp(—||y]|*/2).
Next, let w € B, We use the fact that
(2r)? [ expl=lw = el/2)dw = 1

for any ¢ € R and derive:

exp(||lz + y|*>/2) = (2m) " exp(||z + yllgz’ﬂ}/exp{—llw —(z +y)|*/2)dw

= )" [ exp(-lwl*/2-+ w0 @+ ) ~ ll2 + yI*/2+ o+ yI*/2)dw
= 2" [ exp(-[w]?/2+ w7 (@ + y))dw

— (2m)~ %2 / exp(—[[w]|/2) - exp(0 T z) - exp(aw T y)dw

23 T
= Eynn(0a.10)[eXP(w &) -exp(w y)].

That completes the proof of the first part of the lemma. An identity involving hyperbolic cosine
function is implied by the fact that for every u € B? and w ~ N(0, 1) the following is true:

TN~ Elw ] 1 S E[wu)*] + E[(-w )]

Sealil=2 Ty ST ey

(12)

i=()

The cancellation of the odd moments E[(w " u)?+!] follows directly from the fact that w is taken
from the isotropic distribution (i.e. distribution with pdf function constant on each sphere). That
completes the proof. O
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Theorem 1 (regularized versus softmax-kernel). Assume that the L..-norm of the attention matrix
for the softmax-kernel satisfies: ||A|l < C for some constant C' > 1. Denote by A'% the
corresponding attention matrix for the regularized softmax-kernel. The following holds:
A (i, j) 2 ( 1 ) Ares (i, j)
inff ———>1—-— —+4o0| — ], and sup————— < 1. 9
i A(i,]) d3 5 ) i AJ) o
Furthermore, the latter holds for d > 2 even if the L..-norm condition is not satisfied, i.e. the
regularized softmax-kernel is a universal lower bound for the softmax-kernel.

.3

Theorem 2. If ’8’HT+ (x,y) stands for the modification of Sﬁ; (x,y) with orthogonal random
features (and thus for m < d), then the following holds for any d > 0:

—ort oty B 2 2 2
MSEBSM,,  (x,y)) < MSE(SM,, (x,y))— i&?;—Jrg (SM(X, y) — exp (— Ix| ;f Iyl )) :
(10)

Furthermore, completely analogous result holds for the regularized softmax-kernel SMIREG.
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Figure 4: MSE of the approximation output when comparing Orthogonal vs IID features and trigonometric
sin/cos vs positive features. We took L = 4096, d = 16, and varied the number of random samples m. Standard
deviations shown across 15 samples of appropriately normalized random matrix input data.



Conclusion & Broader Impact
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